Extended super self-dual systems have a structure reminiscent of a "matreoshka". For instance, solutions for N=0 are embedded in solutions for N=1, which are in turn embedded in solutions for N=2, and so on. Consequences of this phenomenon are explored. In particular, we present an explicit construction of local solutions of the higher-N super self-duality equations starting from any N=0 self-dual solution. Our construction uses N=0 solution data to produce N=1 solution data, which in turn yields N=2 solution data, and so on; each stage introducing a dependence of the solution on sufficiently many additional arbitrary functions to yield the most general supersymmetric solution having the initial N=0 solution as the helicity +1 component. The problem of finding the general local solution of the N > 0 super self-duality equations therefore reduces to finding the general solution of the usual (N=0) self-duality equations. Another consequence of the matreoshka phenomenon is the vanishing of many conserved currents, including the supercurrents, for super self-dual systems.
Introduction
Super Yang-Mills massless multiplets are well known to have components classified by helicity (rather than spin) and consisting of two irreducible Lorentz representations:
helicity :
and helicity : 1
where f αβ , fαβ are the (1,0) and (0,1) components of the field strength tensor, λ's and χ's are spinor fields and the W 's are scalars. In Minkowski space these two representations are related to each other by CPT conjugation, however in spaces of signature (4,0), (2, 2) or complexified space, they are no longer conjugate to each other, allowing one to set one of them to zero, the resulting equations of motion being precisely the super self-duality conditions (if the triangle of fields in (1) is set to zero) or super anti-self-duality conditions (if the the fields in (2) are set to zero). For instance, the equations of motion for the full N=3 theory take the form [1] ǫαγD 
Now setting the fields in (1) to zero yields the super self-duality equations
The first equation is identically satisfied in virtue of the Bianchi identity and the condition fαβ = 0 which is just the usual (N=0) first order self-duality equation for the vector potential:
The second equation is just a source-free Dirac equation for a triplet of Weyl fermions which may be thought of as zero-modes of the covariant Dirac operator in the background of a self-dual vector potential. The third and fourth equations are however not source-free and their solutions do not allow interpretation as zero-modes of gauge-covariant operators in the background of a self-dual gauge potential. So the folklore that all spinor and scalar fields in self-dual supermultiplets are merely such zero-modes, although true for the N=1 case, is clearly false for higher N. The corresponding equations for N < 3 follow on truncation of the N=3 multiplet {f αβ , λ
the internal index i,j=1,2, W ij = ǫ ijW , W ij = ǫ ij W, χα = χ α = 0; and for N=1 the internal index as well as all W 's and χ's drop out.
The full N=4 multiplet is an irreducible self-conjugate representation. N=4 selfduality therefore does not fit into the above scheme and the recently discussed N=4 super self-dual theory [2] is in fact not a restriction of the full N=4 super Yang-Mills theory, but an independent theory containing the entire component multiplet of the latter. The N=0 Yang-Mills self-duality conditions have recently drawn a great deal of renewed interest, especially in view of the prospects of classifying lower dimensional integrable systems in terms of their possible reductions (e.g. [3] ). Super self-duality equations (reviewed by e.g. [4] ) open the remarkable new possibility of obtaining further classes of lower dimensional integrable systems by dimensional reduction than have hitherto been obtained from N=0 self-duality . They have also been found to have a hitherto hidden relation to N=2 superstrings, whose spectrum they reproduce [2, 5] .
The main purpose of this paper is to unravel the structure of local solutions of extended super self-dual gauge theories in complexified superspace ( [6, 7] ), ignoring questions concerning appropriate reality conditions, global properties and finiteness of the Yang-Mills action. As we shall show, lower N solutions are embedded in higher N ones in a manner reminiscent of a matreoshka. Clearly lower N solutions may be obtained from higher N ones by truncation and solutions of lower N self-duality conditions (including the non-supersymmetric N=0 case) are manifestly solutions of the higher N self-duality conditions (with extra component fields being zero). We ought to emphasize, however, that not all higher N solutions can be obtained by superconformal or super-Poincare transformation of lower N solutions. We shall elucidate this embedding structure in section 3, explicitly demonstrating how a higher N solution may be iteratively constructed from any given lower N solution. The general higher N solution thus constructed depends on new arbitrary functions not present in the original solution. It is therefore not merely a supersymmetry or even superconformal transformation of the latter, since these transformations depend on parameters rather than arbitrary functions. Our method uses an iterative procedure for promoting lower N solutions to higher N ones, thus reducing the main problem to that of solving the N=0 equations. Given any N=0 solution, its general N=1 extension depending on an additional Lie algebra valued arbitrary function can be constructed. Similarly, any N=1 solution can be promoted to an N=2 solution depending on two extra Lie algebra valued arbitrary functions; and any N=2 solution may be used to construct an N=3 solution depending on three new arbitrary funtions. So up to N=3, the number of arbitrary functions doubles at each stage, just like the number of degrees of freedom in the theory. We thus obtain the most general supersymmetric extension of any given solution of (5), making the solution of for instance the last three equations in (4) a mere technicality once (5) has been solved. In section 4 we shall illustrate our procedure by constructing some particular examples of N=1 extensions of the N=0 one-instanton solution.
Self-dual restrictions of non-self-dual theories are remarkable not only for their solubility but also in virtue of being theories in which the conserved currents of the latter identically vanish in the former. Super self-duality, just as ordinary (N=0) self-duality (5), implies the source-free second-order Yang-Mills equations for the gauge vector field, i.e. it implies the vanishing of the Yang-Mills source current. We shall demonstrate the latter explicitly (for 1 ≤ N ≤ 3) in section 4 by showing that the spin 1 source current factorises into pieces which vanish for respectively self-dual and anti-self-dual theories. We shall also demonstrate that the supercurrents generating supersymmetry transformations in pure supergauge theories, also factorise into parts which vanish for respectively self-dual and anti-self-dual solutions. This is the generalisation to supersymmetric pure gauge theories of the factorisation of the Yang-Mills stress tensor into self-dual and anti-self-dual parts of the field-strength tensor. So just as self-duality implies the vanishing of the pure Yang-Mills stress tensor, as a further manifestation of the matreoshka phenomenon, super self-duality implies the vanishing of the pure supergauge theory supercurrent which contains the stress tensor and its superpartners. Although we presently restrict our attention to super Yang-Mills theories, the situation in selfdual supergravity appears to be very similar. The self-duality condition for the Riemann tensor implies the source-free Einstein equation, which is tantamount to the vanishing of the supercurrents for the superpartners of the spin 2 field (the non-gravitational sources). These interrelationships are part of an intricate matreoshka of self-dual gauge and supergravity theories which it is our purpose to begin to unravel in this paper.
Self-dual super gauge potentials
We shall use the notation of [6] in which we introduced harmonic superspaces with coordinates
where u ± α are harmonics (see e.g. [8, 9] ), and gauge covariant derivatives defined in a central basis by
where the u-dependence (linearity for
where
is a harmonic space derivative.
The super self-duality conditions (i.e. the vanishing of the representations in (1)) are equivalent to the consistency conditions for the following system of linear equations in harmonic superspace
i.e. the conditions [10]
where the matrix function ϕ, which we take to have unit determinant, takes values in the gauge group. These harmonic spaces have analytic subspaces suitable for describing self-dual restrictions. In fact, as we showed in [6] , choosing an analytic basis in which the gauge covariant derivatives {D αi ,D +i , ∇ + α } in (3-9) lose their connections and D ++ instead acquires a connection component defined by
the super self-duality conditions may be reconstructed from solutions of generalised Cauchy-Riemann conditions for a chiral analytic (i.e. independent of the coordinates {x −α ,θ
Eqs. (11) are just eqs. (6) in the analytic basis [6] . Given a ϕ solving (10, 11) , the components of the gauge potential
automatically solve (9), with (6) implying linearity of these potentials in the u ′ s, so the superspace gauge potentials A αβ , A iα may be read off from the harmonic expansions A
There exists, therefore, a correspondence between analytic V ++ 's and self-dual gauge potentials. This is basically the supertwistor [11] correspondence for selfdual gauge theories [12] . In the next section we shall use this correspondence in order to construct an explicit general form of the supersymmetric solution in terms of any given solution of N = 0 self-duality . The crucial step is the construction of a ϕ satisfying (10,11), which transforms under the gauge group as [9] ϕ → e
so that the analytic λ (we shall call any function independent of the coordinates
) is the gauge transformation parameter for the harmonic space potential V ++ , while the τ is the usual gauge transformation parameter for the super gauge potentials A αβ , A iα . The matrix function ϕ is therefore a 'bridge' [9] between these two realisations of the gauge group.
For our considerations the following remark is crucial:
The gauge freedom (14) and the constraints (9) allow us to choose a chiral basis in which the bridge ϕ in (7, 8) is independent of the grassmann variables ϑ αi and ϑ − i , allowing us to replace the system (7, 8) by the purely even system
The odd equations (7), in this basis, either being implied by (8) or implying only explicitly resolved kinematic constraints. This system (8) is identical to the linear system for standard (N=0) self-duality ; the only difference is that now the bridge ϕ is a superfield depending on the grassmann variablesθ + i . To prove the above statement we first note that in view of (9) we may always choose a chiral basis (with connection components A αi = 0) in which the derivatives in (4,9) take the form
Now the last two equations in (9) yield
and ∂ ∂ϑ αi A + α = 0, which imply a relationship between the vector and spinor potentials, namely,
Now this relation together with (7, 8) in the basis (15) immediately yields ∂ ∂θ
proving that the only odd dependence of ϕ (and A + α ) is that onθ + i . (This was independently known to [13] too). So (7) and (8) are actually not independent equations. In fact they are equivalent (a rather peculiar property of the super selfdual systems), since the chirality of ϕ means that (7) implies (8); and conversely, the relationship (16) and the chirality of ϕ immediately give (7) as a consequence of (8) . This equivalence is manifest in this chiral basis, in which we shall henceforth work. Now, in view of the above remarks, the superfield A (9) contains all the component fields in (2) satisfying the appropriate super self-dual restrictions of the equations of motion. For instance, the N=3 superfield vector potential has expansion (17) and the condition that A (9) is equivalent to the component fields {A αβ , λ i α , W k } satisfying the super self-dual restrictions (4) of the equations of motion (3).
The solution matreoshka
As we have seen, the problem of constructing super self-dual potentials reduces to finding a matrix function ϕ of unit determinant satisfying
for an arbitrary analytic superfield V ++ taking values in the gauge algebra, from which the potentials can be constructed using eqs. (12, 13) . In virtue of (18) ϕ is a functional of V ++ and on going from the theory with N-1 supersymmetries to the one with N supersymmetries, the number of arbitrary functions in V ++ (i.e. the number of components in itsθ-expansion) doubles for N ≤ 3. That a self-dual solution for any given N also satisfies self-duality for any higher N is manifest in terms of the analyticity conditions (11) . Lower N analyticity is clearly contained in higher N analyticity; explicitly,
so an analytic function for some given N is manifestly an analytic function for any higher N (with null higher components); and conversely, from any N-analytic function, simple truncation yields lower-N analytic functions. Thus, not only is lower N analyticity (self-duality ) embedded in higher N analyticity (self-duality ), but the higher N self-duality implies lower N self-duality for appropriately truncated multiplets. As we have seen, the general solution may be expressed in terms of the matrix function ϕ, which in turn is a functional (in virtue of eq. (18)) of the set of arbitrary analytic functions {v ++ , v + i , v ij , ....} taking values in the gauge algebra. Remarkably, for any N ≤ 3 the number of these arbitrary analytic functions is precisely equal to the number of degrees of freedom contained in the fields in (2) . Now consider for instance N=0, for which case the general solution depends on v ++ (x +α ). Supersymmetry and superconformal transformations can indeed be used to promote this to a solution of higher N super self-duality . However such transformations can only be used to add a number of parameters to the solution; not dependences on further arbitrary functions. So the general (local) solution for higher N may not be obtained by merely performing a superconformal or supersymmetry transformation on the general solution for lower N.
Our main result is the construction of the solution of (18) in terms of the components of V ++ in (19) and the general solution ϕ b of the N = 0 equation
We start with the N=1 theory for which we write the required 'bridge' ϕ in the form
where ϕ b is some (presumed to be known) solution of (20) . Inserting this factorisation as well as the expansion
in (18), we obtain a first order equation for ψ − :
For particular cases where the right hand side is a simple polynomial in the x's and u's, this equation allows direct integration using the differentiation rules
The general solution to (22) may however be expressed in terms the harmonic space Green function [14] solution to the equation
namely,
Thus:
determining an N=1 bridge ϕ in terms of any given N=0 ϕ b and an arbitrary analytic function v + 1 (x +α , u ± ). From this ϕ the potentials may be constructed as indicated in the previous section, for instance inserting (21) in (12) we obtain the following expresssion for the vector potential:
Eq.(3b) guarantees this to be linear in u + , so the self-dual vector potential can be easily recovered. As we explained in the introduction, the coefficient ofθ + in the above superfield vector potential is precisely the spinor fields λ α satisfying the Dirac equation in the background of component vector potential A
b . We shall explicitly carry out this construction starting from some particular examples of analytic V ++ 's in the next section.
We now further dress this N=1 bridge (21) to an N=2 bridge, thus constructing the next layer of the solution matreoshka. Inserting the matreoshka-like ansatz for N=2
together with the expansion
in ( 
The N=2 bridge, depending on two further arbitrary analytic functions v 2 and v 12 , is therefore completely determined, affording immediate reconstruction of the super self-dual component multiplet from
The matreoshka may now be enclothed in the next layer. For the N = 3 case, from which the above N = 1, 2 cases follow by truncation, we take the ϕ to have the following matreoshka structure
where ψ 
and the N=3 analytic superfield thus:
again yields a system of equations for the unknown functions in ϕ, namely,
which are again integrable using the harmonic space Green function formula (23), thus determining the unknown functions in the bridge ϕ in terms of which the solutions of (4) afford immediately extraction from
Examples
In this section we illustrate our construction by generating some particular N=1 solutions from some simple monomial examples of the analytic spinorial function v + , starting from the well-known N=0 SU(2) BPST instanton solution
which may easily be seen [15] to correspond to the analytic function
via the bridge
where i,j are SU (2) indices. Using this N=0 data as the core of the solution matreoshka, the procedure described in the previous section affords construction of higher N solutions. To illustrate the method, we now explicitly carry out this construction for N=1 for four particular examples of analytic spinorial function v + . Since our gauge group is SU(2), these have to be chosen to be traceless. We shall also use the normal gauge [8] which fixes part of the λ gauge freedom in (14) such that the analytic data does not have any explicit u + dependence. In this gauge (see [8] for a discussion) an analytic function cannot be expressed as a total D ++ derivative of another analytic function. It is therefore a convenient gauge which avoids gauge artifacts by distinguishing gauge inequivalent V ++ 's. The above v ++ is clearly compatible with this gauge; and we shall choose our v + 's in it too. a) We start with the simplest case of a v + linear in x + : and having a constant spinorial parameter ζ i of dimension [cm]
This gives
which affords integration to
From (25,13) the vector potential may now be found to be
In fact this is not a genuinely new solution since it is related to the N=0 one we started with by a supertranslation with parameter ρ 2 ζ α :
but not a supertranslation of the N=0 v ++ (27) is :
where c pik is a totally symmetric tensor parameter having, like the parameter ζ of the previous example, dimension ( [cm]
2 ). This yields
and
This simple solution, however, does not vanish asymptotically.
c) Now choosing a v + quadratic in x + with constant spinorial parameterηα of dimension [cm]
which yields the self-dual vector potential
This solution is related to the N=0 one by asuperconformal transformation with parameter ρ
and is precisely the solution discussed by [16] .
which yields
This example, like (b), also does not vanish asymptotically, but is yet another example of solution which is not related to the starting N=0 solution by a supersymmetry or superconformal transformation.
Although we may similarly produce further solutions, or further promote these to higher N solutions (as described in the previous section), we restrict ourselves to these simplest examples of local solutions to the N=1 super self-duality equations. As explained before, the coefficients ofθ in these N=1 superfield vector potentials are precisely the spinor fields λ α satisfying the Dirac equation in the background of the N=0 instanton solution we started with.
Vanishing supercurrents and source currents of self-dual supermultiplets
As mentioned in the introduction, the usual (non-self-dual ) super Yang-Mills multiplets (for 0 ≤ N ≤ 3) consist of two irreducible Lorentz representations; and super self-duality corresponds to setting one of these to zero. Many conserved currents of the full theory, for instance the spin 1 source currents as well as the supercurrents, factorise into parts from the two representations. They therefore vanish for self-dual multiplets. This is a further matreoshkan phenomenon; the vanishing of the currents being consequences of the simple fact that N=0 self-duality automatically implies, on the one hand, the source-free Yang-Mills equations, and on the other hand, the vanishing of the stress tensor.
N=0
In 2-spinor notation the components of the field-strength tensor are defined by
and the usual N=0 self-duality is simply the statement that the (0,1) component fαβ vanishes, leaving only the (1,0) field f αβ , which satisfies the source-free YangMills equations ǫ γα D γβ f αβ = 0 automatically in virtue of the Bianchi identity. The stress tensor clearly vanishes; the factorisation into self-dual and anti-self-dual fields being manifest in spinor notation:
N=1
The full N = 1 on-shell Yang-Mills multiplet {fαβ, λα, λ α , fαβ} satisfies the equations
Now super self-duality (i.e. the vanishing of the fields {fαβ, λα} in the above equations) manifestly implies that the vector source current
In terms of superfields the full theory is conventionally described in terms of two spinorial field strengths w α ,wα having leading components λ α , λα respectively; and defined by [Dα ,
The supercurrent is given by the axial vector superfield [17] V αα = w αwα satisfying the covariant conservation law
in virtue of the superfield equations of motion: covariant (anti-) chirality conditions for w α (resp.wα). Now the N=1 self-duality conditions take the form
manifestly implying the vanishing of the supercurrent; and also implying (via super Jacobi identities) the N=0 self-duality conditions for the spin 1 component.
N=2
The N = 2 Yang-Mills theory, on the other hand, may be described in terms of two scalar superfields W,W defined by
in terms of which the supercurrent takes the form [18] V = WW and satisfies the conservation law
in virtue of the equations of motion
N=2 self-duality in superfield form
clearly implies the former in virtue of the latter. It manifestly implies that the supercurrent V vanishes and it also implies the vanishing of the spinor superfield w iα ≡D iα W ; so even the superfield form of N = 1 self-duality (28) is embedded in N = 2 self-duality . The component theory is described by the equations of motion
(where we denote the leading components of the scalar superfields W,W by the same symbols). Clearly, for N=2 self-dual configurations ( when the multiplet {fαβ, λ iα , W } vanishes), the spin 1 and spin 1 2 source currents vanish:
N=3
From the N=3 component equations of motion quoted in the introduction (3), we see that for self-dual configurations the following spin 1 and spin 
Again, the superfield self-duality conditions
imply vanishing of the supercurrent.
Remarks
a) In conclusion we should like to stress once again that the our method of solution reveals all local solutions of the super self-duality equations. To find solution which are globally defined on S 4 is a separate problem. For instance supertranslations and superconformal transformations of N=0 instantons yield such solutions [16] . However, in physical applications one often needs solutions having some other reasonable asymptotic behaviour than that consistent with regularity on S 4 ; for instance, solutions with periodic boundary conditions corresponding to solutions on a 4-torus rather than a 4-sphere [19] or multiply-valued solutions on S 4 (e.g. [20] ) which presumably correspond to analytic V ++ 's on harmonic spaces with cuts. b) The self-dual N=4 theory recently discussed [2] in relation to superstrings, being also described by the constraints (9) , is also amenable to solution by a straightforward enlargement of our solution matreoshka. c) Our procedure may also be applied to obtain static solutions of the super selfduality equations, i.e. to obtain solutions of the superspace Bogomolny equations, in particular super self-dual monopoles. We shall present these solutions elsewhere. d) An interesting question is how further reduction to soluble two dimensional systems such as the (super-) KdV hierarchies manifests itself in terms of the harmonic space analyticity conditions. Recent results on the embedding of two dimensional soliton systems [3] in the self-duality conditions yield the tantalising prospect that our solution matreoshka continues in the sense that solutions of the two dimensional systems correspond to just further truncations of the analytic data.
